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Abstrat
Natural wormholes and its astrophysial signatures have been sugested
in various oportunities. By applying the strong eld limit of gravitational
lensing theory, we alulate the deetion angle and magniation urves
produed by Morris-Thorne wormholes in asimptotially at spae-times.
The results show that wormholes at like onvergent lenses. Therefore,
we show that it is hard to distinguish them from blak holes using the de-
etion's angle of the gravitational lens eet, in ontrast with the results
reported by Cramer et.al. and Safanova et.al. However, we also show that
it is possible, in priniple, distinguish them by the magniation urves,
in partiular, by observing the position of the peak of the Einstein's ring.
1 Introdution
Wormholes are spae-time regions with two mouths onneted by a throat. Sine
the mouths are not hidden by event horizons and there is no singularity inside,
wormholes permit the passage of massive partiles or photons from one side to
the other. Morris and Thorne[1, 2℄ shown that wormholes require the viola-
tion of the averaged null energy ondition in order to satisfy the Einstein eld
equations in the throat. Thus, matter in this region must exert gravitational
repulsion to make a stable onguration. The study of these solutions lead to
an interesting question: May some observable eletromagneti signatures give
the possibility of wormhole identiation?
One of the most important appliations of General Relativity is Gravita-
tional Lensing. Sine matter inside the wormhole antigravitate, Cramer et. al.
[5℄ and Safanova et. al. [6℄ have studied the lensing eets of negative masses on
light rays from point soures in the bakground, and argumented that this will
be the eet produed by natural stellar-size wormholes. The study of lensing
eets show that positive masses ats like onvergent lenses, while the study of
Safanova et. al. for negative masses show that these at basially like divergent
lenses. This means that the deetion angle is negative (divergent). Therefore,
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light from a point soure will be onentrated on the border of an umbra region,
produing two intensity enhanements: one before and one after the oultation
event.
Reently, the sienti ommunity started to look gravitational lensing from
a strong eld perspetive. This limit refers to the eet produed by a very
massive objet and/or when the light rays that are aeted pass very lose to
the lens. Bozza [7℄ provided an analyti method to alulate the deetion an-
gle for any spherially symmetri spaetime in the strong eld limit, and one
important result of this is that a light ray with a very small impat parameter
will wind one or several times around the lens before emerging, produing an
innite set of relativisti images.
In this paper, we will use the method of Bozza to alulate a more realisti
lensing eet of Morris-Thorne wormholes, and it will permit us to show that
wormhole spaetimes present a positive deetion angle, i.e. wormholes does
not at like divergent lenses in the general ase. This means that exoti matter
needed to onstrut the solutions does not have a diret observable signature
for an outside observer.
In setion II we give the metri of the studied wormhole solutions, setion III
gives the essential knowledge about strong gravitational lensing as desribed by
Bozza and in setion IV we alulate the deetion angle for the presented worm-
holes. In setion V we ompare the obtained angles with the Shwarzshilds
deetion angle and nally, in setion VI we put some onlusions.
2 Morris-Thorne Wormholes
In the pionnering work of Morris and Thorne they desribe a general lass of
solution of Einstein equations representing wormholes. The onditions that they
impose in order to obtain the general form of the metri tensor inlude:
1. The metri must be spherially symmetri and stati (independient of
time)
2. The solution must have a throat joining two asymptotially at regions
of spaetime
3. The metri must satisfy Einstein equations in every point of spaetime
4. The geometry will not have event horizons nor singularities
Under these, the general form for the metri tensor is
ds2 = −e2Φ(r)c2dt2 + 1
1− b(r)r
dr2 + r2
(
dθ2 + sin2θdφ2
)
, (1)
where Φ (r) is the redshift funtion and b (r) is the form funtion. When
imposing ondition 3 above, we obtain the relation between the funtions Φ (r)
and b (r) and the stress-energy tensor that produes the wormhole spaetime
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geometry. Outside the wormhole, the spaetime is onsidered asimptotially
at and have a line element given by Shwarzshild metri,
ds2 = −
(
1− 2GM
r2
)
dt2 +
(
1− 2GM
r2
)−1
dr2 + r2
(
dθ2 + sin2θdφ2
)
. (2)
The juntion onditions that follow from the theory of general relativity are
the ontinuity of the metri omponents and the extrinsi urvature aross the
surfae of junture.
To obtain spei solutions, in wormhole studies is usual to x a spaetime
geometry (i.e. to x the funtions Φ and b in order to obtain a wormhole
geometry) and then use the Einstein equations to derive the matter distribution
nedded to obtain the respetive metri. Folowing [1, 2℄ is easy to see that many
wormhole geometries need exoti matter (i.e. matter that does not obey the null
energy ondition) to exist, and it is loalizated at the throat of the wormhole.
This need is what led Cramer et. al. [5℄ and Safanova et. al. [6℄ to model a
wormhole as a point of negative mass to study gravitational lensing.
2.1 Spei Solutions
In this paper we will onsider only two spei wormhole solutions obtained by
Lemos et. al. [4℄. In both ases we will dene rm as the radius of the throat
and a as the radius of the mouth of the wormhole.
2.1.1 Solution A
The rst solution has an interior metri (rm ≤ r ≤ a) given by
ds2 = −
(
1−
√
rm
a
)
dt2 +
dr2(
1−√ rmr ) + r
2
(
dθ2 + sin2θdφ2
)
, (3)
and an exterior metri (a < r <∞) given by
ds2 = −
(
1−
√
rma
r
)
dt2 +
dr2(
1−
√
rma
r
) + r2 (dθ2 + sin2θdφ2) . (4)
Sine the exterior solution must represent Shwarzshild metri, we an as-
soiate a mass to the wormhole,
M =
√
rma
2G
, (5)
and as an be seen , the omplete metri is smoothly joined at mouth radius
a.
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2.1.2 Solution B
The seond solution has an interior metri (rm ≤ r ≤ a) given by
ds2 = −
(
1−
(rm
a
)2)
dt2 +
dr2(
1−
(
rm
r
)2) + r2 (dθ2 + sin2θdφ2) , (6)
and an exterior metri (a < r <∞) given by
ds2 = −
(
1− r
2
m
ar
)
dt2 +
dr2(
1− r2mar
) + r2 (dθ2 + sin2θdφ2) . (7)
Again, the metri is smoothly joined at mouth radius a, and sine the ex-
terior solution must represent Shwarzshild metri, we assoiate a mass to the
wormhole,
M =
r2m
2aG
. (8)
Both metris represent wormholes onneting two asimptotially at spae-
times, and to both of them we assoiate a positive external mass. This fat
inspire us to think that a light ray that passes near the wormhole but not into
it, will have a deetion similar to that produed by a Shwarzshild geometry,
while a light ray that goes into the wormhole will have a little dierent behavior.
3 Gravitational Lensing
Beause of the arguments given in the preeding setion, the gravitational lens-
ing eets produed by a wormhole will be similar to those produed by a
Shwarzshild metri when the deeted light ray does not enter into the worm-
hole, but in order to obtain a mathematial expresion for the deetion angle of
a light ray passing very lose to the wormhole we will use the analytial method
for strong eld limit gravitational lensing of Bozza [7℄.
We onsider the geometry as follows: A light ray from a soure (S) is de-
eted by the wormhole ating as a lens (L) and reahes the observer (O). The
bakground spaetime is asimptotially at. The line joining lens and observer
(OL) is the opti axis. β and θ are the angular position of the soure and the
image with respet to the optial axis, respetively. The distanes between ob-
server and lens, lens and soure, and observer and soure are DOL, DLS and
DOS , respetively.
The relation between the position of the soure and the position of the image
is alled the lens equation[8℄,
tanθ − tanβ = DLS
DOS
[tanθ + tan (α− θ)] , (9)
where α is the deetion angle. For a spherially symmetri spaetime with
line element
4
ds2 = −A (x) dt2 +B (x) dx2 + C (x)
(
dθ2 + sin2θdφ2
)
, (10)
the deetion angle is given as a funtion of losest approah xo =
ro
2M by
α (xo) = I (xo)− pi, (11)
where
I (xo) =
∫ ∞
xo
2
√
B (x)dx√
C (x)
√
C(x)A(xo)
C(xo)A(x)
− 1
. (12)
The method of Bozza is to expand the integral in I (xo) around the photon
sphere to obtain a logarithmi expression for α (xo), and then, by using the lens
equation, obtain the position of the produed images.
4 Deetion Angle for Wormholes
The way to alulate the deetion angle produed by a wormhole depends on
the losest approah of the light ray:
4.1 Closest Approah outside Wormhole's Mouth
When the losest approah of the light ray is greater than wormhole's mouth
(ro ≥ a), the deetion angle is produed only by the external metri. There-
fore, the lensing eet is, in this ase, exatly the same as the produed by a
Shwarzshild metri with the orrespondient mass. This angle is given [7℄ by
α (xo) = −2ln
(
2xo
3
− 1
)
− 0.8056. (13)
4.2 Closest Approah inside Wormhole's Mouth
Sine wormhole solutions desribed above are dened in two regions, when the
losest approah of the light ray is inside wormhole's mouth (rm < ro < a),
the deetion angle must be alulated as two ontributions: rst a deetion
produed by the external Shwarzshild-like metri, and seond the ontribution
produed by the internal metri.
In both of the spei solutions given, the external ontribution to the dee-
tion angle is given as Shwarzshild deetion above but with a losest approah
equal to the wormhole's mouth,
αe = −2ln
(
2a
3
− 1
)
− 0.8056. (14)
The ontribution of the internal metri has to be alulated for eah solution:
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4.2.1 Solution A
For the spei solution A desribed above we have
IA (xo) = 2
∫ a
xo
1√
x2
(
1−√xmx )
dx√
x2
x2
o
− 1
. (15)
Making the hange y = xxo we obtain
IA (xo) = 2
∫ a
xo
1
1√
y2
(
1−
√
xm
xoy
) dy√
y2 − 1
. (16)
The integrand diverges for y = 0, y = xmxo and y = 1. However, only the
third of this values is in the integration range. Beause of this, we will expand
the argument of the square root around this divergene up to the seond order
in y. This gives
IA (xo) = 2
∫ a
xo
−1
0
dz√
ζAz + ηAz2
, (17)
where
z = y − 1 (18)
ζA = 2
(
1−
√
xm
xo
)
(19)
ηA = 2
(
5− 4
√
xm
xo
)
. (20)
When ζA is non-zero, the leading order of the divergene is z
1/2
, whih an
be integrated to give a nite result. When ζA vanishes, the divergene is z
−1
whih makes the integral to diverge. In this way, the ondition ζA = 0 give us
the radius of the photon sphere,
xps = xm. (21)
This means that any photon with a losest approah distane xo = xm will
be apturated and it is interesant to note that the radius of the photon sphere
does orrespond to the throat radius. Therefore, any photon with a losest
approah distane less than the throat radius does not emerge in the same part
of the universe, but goes into the wormhole to the other mouth.
Integral in (17) an be exatly made as
IA (xo) = −
2√
ηA
ln

 ζA
ζA + 2ηA
(
a
xo
− 1
)
+ 2
√
ηA
(
a
xo
− 1
)(
ζA + ηA
(
a
xo
− 1
))

 .
(22)
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The total deetion angle for solution A is then
αA (xo) = αe + IA (xo) . (23)
4.2.2 Solution B
For the spei solution B, we have
IB (xo) = 2
∫ a
xo
1√
x2
(
1− x2mx2
) dx√x2
x2
o
− 1
. (24)
This integral an be rewritten as
IB (xo) = 2
∫ a
xo
1
dy√
y2
(
1− x2mx2
o
y2
)
(y2 − 1)
, (25)
where y = xxo . One more, the integrand diverges for y = 0, y =
xm
xo
and y = 1, but we will onsider only the third of this values. Expanding the
argument of the square root around this divergene up to the seond order in y
we have
IB (xo) = 2
∫ a
xo
−1
0
dz√
ζBz + ηBz2
, (26)
where this time
z = y − 1 (27)
ζB = 2
(
1− x
2
m
x2o
)
(28)
ηB = 2
(
5− x
2
m
x2o
)
. (29)
The ondition ζB = 0 give us the radius of the photon sphere, and again we
have
xps = xm (30)
Therefore the behavior of a photon near this radius is similar to the desribed
before. The integral in (26) an be exatly made as
IB (xo) = −
2√
ηB
ln

 ζB
ζB + 2ηB
(
a
xo
− 1
)
+ 2
√
ηB
(
a
xo
− 1
)(
ζB + ηB
(
a
xo
− 1
))

 ,
(31)
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and the total deetion angle for solution B is
αB (xo) = αe + IB (xo) . (32)
5 Comparison of deetion angles
As we have shown in the preeeding setion, wormholes present an interesting
lensing eet. Photons with a losest approah distane greater than wormhole's
mouth have a Shwarzshild lensing eet, while photons with a losest approah
distane less than wormhole's mouth have a Shwarzshild lensing plus an inner
lensing eet. Beause of this, is important to ompare the deetion angle of
wormholes with the deetion of Shwarzshild,
Figure 1. In the left side we have the deetion angle for the wormhole solution A
(ontinuous) ompared with Shwarzshild's deetion angle (dotted). Wormhole's mouth is
at a = 2 (in Shwarzshild units), and the throat is at xm =
1
2
. It is easy to see that the
blue urve diverges at xo = xm. In the right side we hae the deetion angle for the
wormhole solution B (ontinuous) ompared with Shwarzshild's deetion angle (dotted).
Wormhole's mouth is again at a = 2 (in Shwarzshild units) and the throat is at xm =
√
2.
The blue urve diverges exatly at xo = xm. In both ases, outside wormhole's mouth the
angles oinide.
From these graphis we an see that the deetion angle for light passing
outside the wormhole is the same as the one produed by Shwarzshild, and
some dierenes appear when light goes inside. One of the most important
is the divergene in the blue urves: they our exatly at wormhole's throat,
showing that this surfae orresponds to a photon sphere.
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6 Magniation
Magniation is an important harateristi of Gravitational Lensing beause
it is easily observable. As is already known, magniation is given by
µ =
sinβ
sinθ
dβ
dθ
. (33)
Then, in order to obtain the magniation produed by a wormhole we will
use the produed deetion angle and, using the lens equation (9), obtain a
relation between the angular positions of the image (θ) and the soure (β).
sine the deetion angle is alulated for eah of the presented solutions, the
magniation must be evaluated also for eah wormhole.
6.1 Solution A
For the rst of the presented solutions the magniation is given by:
µ =

1− DdsDd
Ds
√
1−
√
xm
a
α (xo)
xo


−1
1− DdsDd
Ds
√
1−
√
xm
a
dα
dxo


−1
,
(34)
where α (xo) is the deetion obtained before and the derivative
dα
dxo
an be
evaluated using a math software. If we plot the magniation as a funtion of
the losest aproah we have the following urves.
Figure 2. Comparison of the magniation for Shwarzshild's blak hole (left) and
wormhole A (right). At this sale the urves look the same. Wormhole's mouth is at a = 2
As it is easily seen, the two urves look exatly the same. Moreover, we an
see the divergene that orresponds to the Einstein' ring as is expeted beause
the mouth of the wormhole is situated inside this ring and the exterior metri
is exatly the same as Shwarzshild's metri.
However if we made a zoom near the wormhole's mouth, we an see how in
the wormhole's ase, the magniation shows a disontinuity:
9
Figure 3. Zoom of the magniation for wormhole A, near its mouth loated at a = 2
It is important to note that the disontinuity ours exatly at the mouth
of the wormhole, and it happens beause here is were the matter distribution
of the wormhole begins. It is also seen a little peak in the magniation urve
inside the wormhole that is not seen in Shwarzshild geometry.
Moreover, when we hange the wormhole's parameters, a very interesting
behavior appears. In the next set of gures we an see the magniation urve
for wormholes with dierent mouth sizes.
Figure 4.Magniation urves for wormhole A with dierent mouth's sizes. In the rst we
have a = 2.4, in the seond a = 2.47, in the third a = 2.6 and in the fourth a = 3.Note that
in eah ase we ohave a disontinuity at a.
It is easily seen, that when we hange the mouth of the wormhole, the little
peak inside grows. When the mouth of the wormhole is inside the Einstein's ring
radius the magniation behaves just as ommented before, but when the mouth
of the wormhole is greater that the Einstein ring the peak in magniation of
this ring dissapears and there appears a new peak produed by the wormhole.
Observationally, this fat shows an Einstein's ring, shifted from the original
position and this eet an be, in priniple, measured.
6.2 Solution B
For wormhole B we obtain a magniation given by the expression
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µ =
(
1− DdsDd
Ds
√
1− x
2
m
a2
α (xo)
xo
)−1(
1− DdsDd
Ds
√
1− x
2
m
a2
dα
dxo
)−1
. (35)
Again, we have here the deetion angle for solution B, α (xo) and the deriva-
tive
dα
dxo
, that is evaluated using a math software. If we plot the magniation
as a funtion of the losest approah xo, the urve looks exatly the same as the
Shwarzshild magniation (just as for the wormhole soultion a in Figure 2.).
However, when we make a zoom of the region near wormhole's mouth we get a
little dierene:
Figure 5. Zoom of the magniation for wormhole B, near its mouth loated at a = 2
See how we have again a disontinuity loalizated at the wormhole's mouth
and a little peak inside the wormhole that makes the diferene when ompared
with Shwarzhild's geometry.Just as in the spei solution B, the inside peak's
position depends on the size of the wormhole's mouth. This fat is shown in the
next set of gures:
Figure 6.Magniation urves for wormhole B with dierent mouth's sizes. In the rst we
have a = 2.4, in the seond a = 2.47, in the third a = 2.6 and in the fourth a = 3.Note that
in eah ase we ohave a disontinuity at a.
Again it is seen an observational dierene in the magniation beause
there is a peak that does not orrespond exatly to the Einstein's ring but to
the wormhole with a suiently greater mouth.
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7 Conlusion
Gravitational lensing is one of the most important eets in General Relativity.
In this paper we have applied the strong eld lensing method to Morris-Thorne
wormholes and the analysis of the deetion angle and magniation produed
by the two spei wormhole solutions desribed show that the behaviour of
these objets is very similar to the behaviour of Shwarzshild's solution. As
an be seen from the graphis, there is a logarithmi divergene of the dee-
tion angle, and there is a photon sphere that orresponds to the throat of the
wormhole. This behavior ontrast with the behaviour reported by Cramer et.
al. [5℄ and Safanova et. al.[6℄ sine their model for the wormhole is a negative
puntual mass. Altough the two solutions onsidered here need some exoti
(gravitationally negative) mass inside, the behavior of light deetion does not
dier signiatively from the Shwarzshild ase.
On the other side, magniation urves for the wormholes are similar to the
obtained for Shwazshild, but when looking in some detail, there is a disonti-
nuity in the urve (at the point where the mass distribution begins). It is also of
great importane to note here that the size of the mouth of the wormhole aets
the behavior of the magniation urve, and speially when the mouth of the
wormhole is greater than the size of the Einstein's ring. In this last ase we see
how a ring appears but it is not at the expeted position for the Einstein's ring,
making a possible way to identify wormholes from other mass distributions as,
for example, blak holes.
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